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Abstract
We construct examples of modules of type FP∞ over constructible nilpotent-by-abelian groups.
In particular abelian normal subgroups of such groups considered as modules via conjugation
have this property. The proof relies on some of Cartan‘s results about homology groups and the
theory of geometric invariants (of discrete groups) due to Bieri, Strebel, Neumann and Renz.
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1. Introduction
In this paper we construct some (left) modules of type FP∞ over constructible
nilpotent-by-abelian groups. An important tool in our considerations are the homological
geometric invariants {m(G; A)}m≥0, where A is a (left) module over ZG and G is a
<nitely generated group. These invariants are subsets of S(G)= (Hom(G;R) \ {0})= ∼,
where ∼ is the equivalent relation on Hom(G;R) \ {0} with classes [] = R¿0. We
identify Hom(G;R) with G=G′ ⊗Z R  Rn where n is the torsion-free rank of G=G′
and S(G) with the unit sphere in Rn. By de<nition
m(G; A) = {[] ∈ S(G) |A is of type FPm over ZG};
where G = {g ∈ G | (g) ≥ 0}. To be consistent with the notation in [10] we write
A(G) for 0(G; A). Whenever an upper index c appears it denotes the complement
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of the relevant set in S(G). More about the geometric invariants can be found in
[6,8,9,15].
Our main result Theorem A2 is about constructible groups. A soluble group is called
constructible if it can be built from the trivial group in <nitely many steps by taking
descending HNN-extensions and <nite extensions. An HNN-extension G=〈B; t | t−1Ct=
D〉 with base group B, stable letter t and associated subgroups C  D is descending if
B=C. As shown in [9] a <nitely generated soluble-by-<nite group G is constructible if
and only if it is nilpotent-by-abelian-by-<nite and the geometric invariant (G) de<ned
in [9] lies in an open hemisphere of S(H=P), where H is nilpotent-by-abelian of <nite
index in G and P is the maximal locally polycyclic normal subgroup of H . In the case
when G is nilpotent-by-abelian (G)  1(G;Z)c via the projection map G=[G;G]→
G=P. Furthermore by Bieri and Renz [6, Proposition 6:4] 1(G;Z)={[] |G′ is <nitely
generated over a <nitely generated submonoid of G via left conjugation}. Thus for
G′ nilpotent 1(G;Z) = G′=G′′(G), where G′′ is the derived subgroup of G′ = [G;G].
By de<nition a group H acts nilpotently on a module A if (AugZH)sA= 0 for some
positive integer s and the minimal s with this property is called the nilpotency class
of the action of H .
Theorem A1. Suppose G is a nilpotent-by-abelian constructible group and A is a
2nitely generated ZG-module. Assume further that a normal nilpotent subgroup H
of G acts nilpotently on A; G=H is abelian and cA(G) ∪ 1(G;Z)c lies in an open
hemisphere of S(G). Then A is of type FP∞ over ZG and ∞(G; A)c=
⋃
k≥0 
k(G; A)c
lies in an open hemisphere of S(G).
Corollary B. If [N1; N1]⊆N2⊆N1 are normal nilpotent subgroups of a constructible
nilpotent-by-abelian group G then N1=N2 is a module of type FP∞ over ZG; where
G acts via (left) conjugation and ∞(G;N1=N2)c lies in an open hemisphere of S(G).
In particular; abelian normal subgroups of G are of type FP∞ as ZG-modules via
conjugation.
Our proof of Theorem A1 gives a more general result. Its description requires the
following de<nition. If not otherwise stated all tensor products are over the ring of the
rational integers.
Denition. For a ZG-module A we de<ne SG(A) to be the smallest class of ZG-modules
such that
1. A ∈ SG(A);
2. If B ∈ SG(A), then all homology groups Hj(B;Z); j ≥ 1, are elements of SG(A);
3. If B ∈ SG(A), then all surjective images of B and all submodules of B are elements
of SG(A);
4. If B ∈ SG(A), then all tensor powers ⊗jB; j ≥ 1, considered as ZG-modules via the
diagonal action are elements of SG(A).
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The following generalisation of Theorem A1 is proved in Section 3. At the end of
Section 3 we show even more examples of modules of type FP∞ over constructible
nilpotent-by-abelian groups.
Theorem A2. If A is a ZG-module satisfying the assumptions of Theorem A1 and
B ∈ SG(A), then B is of type FP∞ over ZG and ∞(G; B)c is contained in an open
hemisphere of S(G).
In [1, Theorem 12:3] Benson gives a general description of the modules of type
FP∞ over groups G in the class LHF de<ned by Kropholler in [14]. For example,
the class LHF contains all solvable-by-<nite groups. Benson‘s description classi<es
the modules of type FP∞ over G as the ones that can be built using 3 operations to
modules already in the class and the basic objects of this class are modules induced
from <nitely generated modules for <nite elementary abelian subgroups of G. We note
that this approach cannot be used to deduce the second part of Theorem A2, as many
of the modules of type FP∞ do not satisfy the second part of Theorem A2. Still it is
tempting to conjecture the following result:
Conjecture. Suppose G is a 2nitely generated nilpotent-by-abelian group; B is a ZG-
module of type FP∞ and the derived subgroup of G acts nilpotently on B. Then
∞(G; B)c is contained in an open hemisphere of S(G).
In the case when G is metabelian there is a generalised m-Conjecture (see [13,
Introduction]) which if proved will imply immediately the above conjecture in the
metabelian case.
Finally, we note that the proof of Theorem A2 depends on the following theorem.
It is easily proved in the torsion-free case but the case of prime exponent p requires
more work. By de<nition conv T denotes the convex hull of T whenever T is a subset
of Rn.
Theorem C. Suppose A is a 2nitely generated ZG-module; where G is a 2nitely
generated group with a normal subgroup H that acts nilpotently on A; G=H is abelian
and all tensor powers of A are 2nitely generated over ZG via the diagonal G-action.
Then
1. Hi(A;Z) has a 2nite 2ltration with factors isomorphic to ZG-subquotients of some
(possibly di8erent) tensor powers of A; where the action of G on the tensor powers
is the diagonal one i.e. Hi(A;Z) has property (A; ∗) de2ned in Section 2.
2. If A has exponent p and i ≥ 1 then all tensor powers of Hi(A; Fp) are 2nitely
generated over ZG via the diagonal G-action; cHi(A;Fp)(G)⊆ conv(R¿0cA(G)) and
H acts nilpotently on Hi(A; Fp).
3. For i ≥ 1 all tensor powers of Hi(A;Z) are 2nitely generated over ZG via the diag-
onal G-action; cHi(A;Z)(G)⊆ conv(R¿0cA(G)) and H acts nilpotently on Hi(A;Z).
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2. More about geometric invariants and tensor products
Lemma 1. Suppose B is a 2nitely generated ZG-module; where G is a 2nitely gen-
erated group with a normal subgroup H that acts nilpotently on B and G=H is
abelian. Assume further that B has a 2nite 2ltration B = B0⊇B1⊇ · · ·⊇Bj = 0
of ZG-submodules. Then every ZG-submodule of B is 2nitely generated; cB(G) =⋃
i 
c
Bi=Bi+1
(G) and every real character  of G such that (H) = 0 represents an
element of B(G).
Proof. Suppose T is a ZG-submodule of B. It is equipped with a <nite <ltration {T ∩
(AugZH)sB}s≥0 with factors that can be embedded in the factors of the <nite <ltration
{(AugZH)sB}s≥0 of B. Since Z(G=H) is left Noetherian it follows that all factors in
the <ltration of T are <nitely generated ZG-modules, so T is <nitely generated, as
required.
Now we prove the last conclusion of the lemma. We note that always cB(G)⊆⋃
i 
c
Bi=Bi+1
(G) and therefore
cB(G)⊆
⋃
i≥0
c(Aug ZH)iB=(Aug ZH)i+1B(G)⊆cB=(Aug ZH)B(G)⊆cB(G):
In particular,
cB(G) = 
c
B=(Aug ZH)B(G): (1)
Suppose  is a real character of G that does not vanish on H and [] ∈ cB(G). By
(1) we can restrict to the case when (AugZH)B= 0 and pick an element h ∈ H such
that (h)¿ 0. Then for every g ∈ G there exists n(g) ∈ N such that (ghn(g))¿ 0 and
so ZGb= ZGb for every b ∈ B i.e. [] ∈ B(G), a contradiction.
The equality cB(G) =
⋃
0≤i≤j−1 
c
Bi=Bi+1
(G) can be proved by induction on j. It
suKces to consider the case j=2 and then it is suKcient to show that cB1 (G)⊆cB(G).
The case when H acts trivially on B is done in [7, Proposition 2:2]. Therefore,
cB1=(B1∩(Aug ZH)B)(G)⊆cB=(Aug ZH)B(G) = cB(G):
By induction on the nilpotency class of the action of H the theorem holds for <ltra-
tions of (AugZH)B. Then cB1∩(Aug ZH)B(G)⊆c(Aug ZH)B(G)=c(Aug ZH)B=(Aug ZH)2B(G)⊆
cB=(Aug ZH)B(G) and by (1)
cB1∩(Aug ZH)B(G)⊆cB(G):
Then
cB1 (G)⊆cB1=B1∩(Aug ZH)B(G) ∪ cB1∩(Aug ZH)B(G)⊆cB(G);
as required.
Proposition 2. Let H be a normal subgroup of a 2nitely generated group G such
that G=H is abelian and let D1; : : : ; Dm be 2nitely generated ZG-modules such that
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D1 ⊗ · · · ⊗ Dm is 2nitely generated over ZG via the diagonal G-action and H acts
nilpotently on all Di. Then
cD1⊗···⊗Dm(G)⊆ conv

 ⋃
1≤i≤m
R¿0cDi(G)

 :
Proof. The modules D1; : : : ; Dm are equipped with <ltrations of ZG-submodules Di =
Di;0⊃Di;1⊃ · · ·⊃Di;s(i) = 0 such that for all i; j; (AugZH)Di;j ⊆Di;j+1. We prove the
proposition by induction on s =
∑
i s(i) ≥ m. We consider <rst the case when s =
m i.e. H acts trivially on D1; : : : ; Dm. A modi<cation of [5, Lemma 5:1] shows that
D1 ⊗ · · · ⊗Dm is <nitely generated over a submonoid T of (G=H)m such that ZT is a
Noetherian ring if and only if
"vD1⊗···⊗Dm((G=H)
m) ∩ {# ∈ Hom((G=H)m;R) | #(T ) ≥ 0}⊆{0} (2)
for all non-negative valuations v of Z. By de<nition for a <nitely generated abelian
group Q, a <nitely generated ZQ-module M and a real valuation v0 of Z "v0M (Q) is
the set of the real characters of Q that can be lifted to real valuations of ZQ=annZQM
whose restriction to the image of Z is induced by v0. We apply this for T = (G=H)
where  is a non-trivial discrete character of G=H and G=H embeds in (G=H)m via the
diagonal map (note that for discrete characters  the ring Z(G=H) is Noetherian). (2)
combined with the following additive formula from [5, Theorem 4:2]
"vD1⊗···⊗Dm((G=H)
m) = "vD1 (G=H) + · · ·+ "vDm(G=H)
shows that [] is a discrete element of D1⊗···⊗Dm(G=H) if and only if  cannot be
represented as a sum 1 + · · ·+ m; i ∈ "vDi(G=H) for a <xed non-negative valuation
v of Z. As shown in [4, Theorem 8:1] cDi(G=H) is the union of the projections of
"vDi(G=H) \ {0} to S(G=H), where the union is over all non-negative valuations v of
Z i.e. in our notations
⋃
v(Z)≥0 "
v
Di(G=H) \ {0} = R¿0cDi(G=H). Therefore, we have
for the discrete characters
dis(cD1⊗···⊗Dm(G=H))⊆ conv

 ⋃
1≤i≤m
R¿0cDi(G=H)

 : (3)
By [4, Corollary 8:3] R≥0cDi(G=H) is a rationally de<ned polyhedron and so
conv(
⋃
1≤i≤m R¿0cDi(G=H)) ∪ {0} is a rationally de<ned polyhedron. In particular
the subset of the discrete points in conv(
⋃
1≤i≤m R¿0 cDi(G=H)) ∪ {0} is dense in
conv(
⋃
1≤i≤m R¿0 cDi(G=H)) ∪ {0}. Then (3) implies
cD1⊗···⊗Dm(G=H)⊆ conv

 ⋃
1≤i≤m
(R¿0cDi(G=H))

 : (4)
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(4) together with the last part of Lemma 1 yields
cD1⊗···⊗Dm(G)⊆ conv

 ⋃
1≤i≤m
(R¿0cDi(G))


and so completes the case s= m.
For the general case we use induction on s. If s¿m without loss of generality we
can assume s(1)¿ 1. Then we consider the exact sequence of ZG-modules
D1;1 ⊗ D2 ⊗ · · · ⊗ Dm → D1 ⊗ · · · ⊗ Dm → (D1=D1;1)⊗ D2 ⊗ · · · ⊗ Dm → 0:
By Lemma 1
cD1⊗···⊗Dm(G)⊆cD1; 1⊗D2⊗···⊗Dm(G) ∪ c(D1=D1; 1)⊗D2⊗···⊗Dm(G)
and there is equality if the <rst map in the exact sequence is injective. Now the
inductive step follows from the inductive hypothesis.
Proposition 3. Let H be a normal subgroup of a 2nitely generated group G such that
G=H is abelian and let D1; : : : ; Dm be ZG-modules such that H acts nilpotently on all
modules Di and
⋃
i 
c
Di(G) lies in an open half subsphere of S(G). Then D1⊗· · ·⊗Dm
is 2nitely generated over ZG via the diagonal G-action. In particular; if A is a
ZG-module satisfying the assumption of Theorem A1 then ⊗jA is 2nitely generated
over ZG via the diagonal G-action for all j ≥ 1.
Proof. We <x <ltrations of ZG-modules Di=Di;0⊃Di;1⊃ · · ·⊃Di;s(i) =0 such that for
all i; j; (AugZH)Di;j ⊆Di;j+1 and prove the proposition by induction on s=
∑
i s(i) ≥
m. If s = m then we are in the abelian case i.e. the action of G factors through an
action of the <nitely generated abelian group G=H . Then the proposition follows from
the main result of [5] and the described in the proof of Proposition 2 connection
between c and " i.e.
⋃
v(Z)≥0 "
v
Di(G=H) \ {0}= R¿0cDi(G=H).
For the inductive step we can assume s(1)¿ 1. Now we consider the exact sequence
of ZG-modules D1;1⊗D2⊗· · ·⊗Dm → D1⊗· · ·⊗Dm → (D1=D1;1)⊗D2⊗· · ·⊗Dm → 0.
By Lemma 1 the <rst and the third modules satisfy the assumptions of the inductive
hypothesis and so are <nitely generated over ZG. Hence D1 ⊗ · · · ⊗ Dm is <nitely
generated, as required.
The need of the next de<nition and the following results will become clear in the
proof of Theorem C.
Denition. Let M and A be <nitely generated ZG-modules, G a <nitely generated
group with a normal subgroup H that acts nilpotently on M and A and such that
G=H is abelian. We say that M has property (A; ∗) if M has a <nite <ltration of
ZG-submodules with factors that are isomorphic to ZG-subquotients of some (possibly
diMerent) tensor powers of A, where the action of G on the tensor powers of A is the
diagonal one.
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Lemma 4. 1. If 0 → M1 → M → M2 → 0 is a short exact sequence of ZG-modules
then M has property (A; ∗) if and only if both M1 and M2 have property (A; ∗).
2: Suppose 0→ A1 → A→ A2 → 0 is a short exact sequence of ZG-modules; G is
a 2nitely generated group with a normal subgroup H such that H acts nilpotently on
A and G=H is abelian. Assume further that if A2 is not Z-torsion-free then A1 = pA
for some prime integer p. Then (⊗
i
A1) ⊗ (⊗jA2) considered as a ZG-module via the
diagonal action has property (A; ∗).
Proof. The <rst part of the lemma is obvious.
To prove the second part of the lemma we show that Vi;j = (⊗
i
A1) ⊗ (⊗jA) has
property (A; ∗) and then by the <rst part of the lemma the surjective images of Vi;j
have property (A; ∗). If A1 = pA then Vi;j is a surjective image of ⊗i+jA and we are
done. If A2 is Z-torsion free Vi+1; j = A1 ⊗ Vi;j embeds in Vi;j+1 = A ⊗ Vi;j. Using
induction on i we prove that Vi;j is a ZG-submodule of ⊗
i+j
A.
Theorem 5. Suppose X; Y; A1 and A2 are 2nitely generated ZG-modules; G is a 2nitely
generated group with a normal subgroup H that acts nilpotently on X; Y; A1 and
A2; G=H is abelian; X has property (A1; ∗) and Y has property (A2; ∗). Assume further
that 0 → A1 → A → A2 → 0 is a short exact sequence of ZG-modules; that if A2 is
not Z-torsion-free then A1 =pA for some prime integer p and that all tensor powers
of A are 2nitely generated over ZG via the diagonal action.
Then X ⊗Y considered as a ZG-module via the diagonal action has property (A; ∗).
Proof. 1. Let X = X0⊇X1⊇ · · ·⊇Xs = 0 and Y = Y0⊇ · · ·⊇Yk = 0 be <ltrations of
ZG-submodules such that the factors Xi=Xi+1 and Yj=Yj+1 are ZG-subquotients of tensor
powers of A1 and A2, respectively. We prove the theorem by induction on s+ k ≥ 2.
If s¿ 1 we consider the exact sequence Y ⊗ X1 → Y ⊗ X → Y ⊗ (X=X1)→ 0. By the
inductive hypothesis Y ⊗ X1 and Y ⊗ X=X1 have property (A; ∗) and hence by Lemma
4(1) Y ⊗ X has property (A; ∗). If k ¿ 1 the same argument works, so we have to
consider only the case s= k =1. As the property (A; ∗) is closed under projections we
can assume that X and Y are submodules of ⊗
i
A1 and ⊗
j
A2, respectively.
2. In this step we show that if (⊗
i
A1)⊗ Y has property (A; ∗) for a submodule Y of
⊗jA2 then X ⊗ Y has property (A; ∗) for every submodule X of ⊗iA1.
If A2 is Z-torsion-free then Y is Z-torsion-free and X ⊗ Y embeds in (⊗iA1) ⊗ Y
and we are done by the <rst part of Lemma 4.
If A1 = pA we de<ne M0 = X and Mk+1 = {b ∈⊗i A1 |pb ∈ Mk}. We will prove by
inverse induction on k that Mk⊗Y has property (A; ∗). Note that since A2 has exponent
p as an abelian group the module Y has exponent p. For an abelian group M and a
positive integer + we write +M for {m ∈ M | +m= 0}.
By Lemma 1 ⊗
i
A1 is a Noetherian ZG-module via the diagonal action. Thus for big
k, say k ≥ k0 Mk+1=Mk . In particular, for k ≥ k0 Mk⊗Y embeds in (⊗iA1)⊗Y because
by the long exact sequence in Tor the kernel of the map Mk⊗Y → (⊗iA1)⊗Y induced
by the inclusion of Mk in ⊗
i
A1 is a surjective image of TorZ1 (
⊗iA1=Mk ; Y ). As Y has
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exponent p TorZ1 (
⊗iA1=Mk ; Y )=p (⊗
i
A1=Mk)⊗Y =(Mk+1=Mk)⊗Y =0. By assumptions
(⊗
i
A1)⊗ Y has property (A; ∗) and then by Lemma 4(1) Mk ⊗ Y has this property.
Now we suppose Mj⊗Y has property (A; ∗). Then its surjective image (Mj=Mj−1)⊗Y
has property (A; ∗). We consider the exact sequence of ZG-modules Mj=Mj−1 ⊗ Y 
TorZ1 ((
⊗iA1)=Mj−1; Y ) → Mj−1 ⊗ Y → (⊗iA1) ⊗ Y , where G acts diagonally on all
tensor products. By Lemma 4(1) Mj−1 ⊗ Y has property (A; ∗). This completes the
inductive step.
3. It remains to show that (⊗
i
A1) ⊗ Y has property (A; ∗) for every submodule Y
of ⊗
j
A2. Since by Lemma 1 ⊗
j
A2 is Noetherian if there is a counterexample there is
Y0 maximal under inclusion subject to ⊗
i
A1 ⊗ Y0 not having property (A; ∗). Let us
consider the exact sequence
B= TorZ1 (
⊗iA1; (⊗
j
A2)=Y0)→ (⊗iA1)⊗ Y0 → (⊗iA1)⊗ (⊗jA2):
Using both parts of Lemma 4 we deduce that B does not have property (A; ∗). By the
long exact sequence for Tor we obtain that B is a surjective image of TorZ1 (
⊗iA1; V )
where V is the torsion part of ⊗
j
A2=Y0 and by Lemma 4 TorZ1 (
⊗iA1; V ) does not have
property (A; ∗) and in particular is not trivial.
Suppose 0 → V1 → V → V2 → 0 is a short exact sequence of ZG-modules. By
Lemma 4 and by the long exact sequence in Tor
· · · → TorZ1 (⊗
i
A1; V1)→ TorZ1 (⊗
i
A1; V )→ TorZ1 (⊗
i
A1; V2)→ · · ·
there exists j ∈ {1; 2} such that TorZ1 (⊗
i
A1; Vj) does not have property (A; ∗). If the
exponent of V is not a prime integer we consider the above construction for V1 =
pV where p is a prime integer dividing the exponent of V . If the exponent of the
chosen Vj is not a prime number we can continue in the same fashion. Finally, we
obtain a non-trivial ZG-subquotient V0 of V such that V0 has prime exponent q and
TorZ1 (
⊗iA1; V0) q (⊗iA1)⊗ V0 does not have the property (A; ∗). By the de<nition of
V0 we have V0  Y2=Y1 where Y0⊆Y1⊆Y2 are ZG-submodules of ⊗jA2.
Now we prove by inverse induction on k ≥ 0 that Wk :=(qk+1 (⊗iA1)=qk (⊗
i
A1)) ⊗ V0
has property (A; ∗), which contradicts the fact that W0 does not have this property.
Indeed since ⊗
i
A1 is Noetherian for suKciently big k Wk = 0. For the inductive step
we consider the exact sequence of ZG-modules
TorZ1 ((
⊗iA1)=qk (
⊗iA1); V0)  Wk → Wk−1 → ((⊗iA1)=qk−1 (⊗
i
A1))⊗ V0; (5)
where G acts diagonally on all tensor products. By the maximality of Y0 (⊗
i
A1)⊗ Y2
and hence ((⊗
i
A1)=qk−1 (⊗
i
A1))⊗ V0 have property (A; ∗). Then (5) implies that if Wk
has property (A; ∗) so does Wk−1.
Lemma 6. Suppose X and Y are 2nitely generated ZG-modules; G is a 2nitely gener-
ated group with a normal subgroup H such that G=H is abelian and H acts nilpotently
on X and Y . Suppose further that X ⊗ Y is 2nitely generated over ZG via the diag-
onal action and X1 is a submodule of X . Then X1 ⊗ Y is 2nitely generated over ZG
via the diagonal action. In particular if all tensor powers of X over Z are 2nitely
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generated over ZG via the diagonal action then the same holds for all tensor powers
of X1 over Z.
Proof. In [13, Lemma 9] we proved the above lemma in the case when G is polycyclic
without assuming anything about nilpotent actions of some normal subgroups. The proof
there needs polycyclicity in order to deduce that every submodule of X ⊗ Y is <nitely
generated. As shown in Lemma 1 this is true in our case.
3. Proof of Theorem A2
In this section we prove Theorem A2 and Corollary B using Theorem C. A proof
of Theorem C will be given in Section 4. The proof of Theorem A2 is split in several
steps.
Proposition 7. If A is a ZG-module; G is a 2nitely generated group with a normal
subgroup H that acts nilpotently on A;G=H is abelian and ⊗
j
A; j ∈ N; are 2nitely
generated ZG-modules via the diagonal G-action then every B ∈ SG(A) is 2nitely
generated over ZG;H acts nilpotently on B and cB(G)⊆ conv(R¿0cA(G)).
Proof. The proposition is a direct corollary of Theorem C and the results from the
previous section.
Proposition 8. If B ∈ SG(A); A satis2es the assumptions of Theorem A1 then the
split extension Bo G is a constructible nilpotent-by-abelian group.
Proof. By Propositions 3 and 7 B is <nitely generated over ZG and so the split
extension B o G is <nitely generated. Let H be the subgroup of G given by the
assumptions of Theorem A1. By Proposition 7 H acts nilpotently on B, therefore
BoH is nilpotent and BoG is nilpotent-by-abelian. By [9, Theorem A(iii)] BoG
is constructible if and only if 1(Bo G;Z)c is contained in an open-half subsphere
of S(Bo G). As noted in the introduction for nilpotent-by-abelian groups we have
1(Bo G;Z) = V (Bo G), where V = (Bo G)′=(Bo G)′′ = B0 ⊕ (G′=G′′); B0 =
[B;G]=[[B;G]; [G;G]]. Therefore, 1(BoG;Z)c=cV (BoG)=cB0 (BoG)∪cG′=G′′(Bo
G) with B acting trivially on V and so
1(Bo G;Z)c⊆ /∗(cB0 (G)) ∪ /∗(cG′=G′′(G))⊆ /∗(cB(G)) ∪ /∗(1(G;Z)c);
where / : Bo G → G is the canonical projection. It suKces to prove that cB(G) ∪
1(G;Z)c lies in an open-half subsphere of S(G). Now Proposition 7 completes the
proof.
As pointed by the referee the assumption that the extension is split in Proposition 8
is not really necessary. If K is an extension of A by G then K ′=(K ′ ∩ K ′′B) ∼= G′=G′′
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and (K ′∩K ′′B)=K ′′ ∼= (K ′∩B)=(K ′′∩B) and 1(K;Z)c=cK′=K′′(K)=cK′=(K′∩K′′B)(K)∪
(K′∩K′′B)=K′′(K). Then we can continue as in the original proof.
Theorem 9. If A satis2es the assumptions of Theorem A1 and B ∈ SG(A) then B is
of type FP∞ over ZG.
Proof. We prove by induction on m that every B ∈ SG(A) is of type FPm over ZG.
The case m = 0 has been done already in Proposition 7. We assume m¿ 0 and the
theorem holds for smaller m.
Let R be a free resolution of Z over Z(Bo G) with Ri <nitely generated in all
dimensions. This is possible because Bo G is constructible and hence of type FP∞.
We consider the complex
Z⊗ZB R=RB : · · · → (Ri)B @i→ (Ri−1)B @i−1→ · · · @1→ (R0)B @0→Z→ 0
and claim that since G is of type FP∞ the kernel of @1 is of type FP∞ over ZG. To
see this we consider the short exact sequences of ZG-modules
0→ Im @1 → (R0)B → Z→ 0;
0→ Ker @1 → (R1)B → Im @1 → 0
and note (R0)B; (R1)B are <nitely generated free ZG-modules. Then by a dimension
shifting argument [2, Proposition 1:4] Z is of type FP∞ over ZG if and only if Im @1
is of type FP∞ over ZG if and only if Ker @1 is of type FP∞ over ZG.
Now, we consider the short exact sequences of ZG-modules associated to the com-
plex RB
0→ Ker @i → (Ri)B → Im @i → 0; (6)
0→ Im @i+1 → Ker @i → Hi(RB) = Hi(B;Z) ∈ SG(A); i ≥ 2: (7)
By induction every element of SG(A) is of type FPm−1 and by a dimension shifting
argument [2, Proposition 1:4] applied for (7) we see that if Im @i+1 is of type FP+ for
some + ≤ m− 1 then Ker @i is of type FP+. Then the same argument applied for (6)
shows Im @i is of type FP++1. Iterating this argument and using the fact that Im @m+1 is
<nitely generated we deduce that Im @2 is FPm−1. Finally, we consider the short exact
sequence
0→ Im @2 → Ker @1 → H1(RB) = B→ 0:
Since Ker @1 is FP∞ it follows that B is FPm if and only if Im @2 is FPm−1.
Proposition 10. If A is a ZG-module satisfying the assumptions of Theorem A1 then
∞(G; B)c lies in an open hemisphere of S(G) for every B ∈ SG(A).
Proof. Suppose B ∈ SG(A). Then by Proposition 8 B o G is nilpotent-by-abelian,
constructible and so of type FP∞. By [15, Corollary 3:12] if [] ∈ ∞(BoG;Z) and
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(B) = 0 we have [|G] ∈ ∞(G;Z). Then we can repeat the argument of Theorem 9
this time working with a free resolution R of Z over Z(Bo G) to deduce that B is
FP∞ over ZG i.e. [|G] ∈ ∞(G; B). Therefore
’∗(∞(G; B)c)⊆∞(Bo G;Z)c; (8)
where ’ : Bo G → G is the canonical projection.
As shown in [15, Theorem B] for groups G1 that are constructible and nilpotent-by-
abelian there is an inclusion ∞(G1;Z)c⊆ conv(R¿01(G1;Z)c). Using this for G1 =
Bo G and (8) we get
’∗(∞(G; B)c)⊆ conv(R¿01(Bo G;Z)c):
As in the proof of Proposition 8 1(Bo G;Z)c⊆’∗(cB(G)) ∪ ’∗(1(G;Z)c). Then
using the last part of Proposition 7 we deduce
∞(G; B)c ⊆ conv(R¿0cB(G) ∪ R¿01(G;Z)c)
⊆ conv(R¿0cA(G) ∪ R¿01(G;Z)c):
Hence for all B ∈ SG(A); ∞(G; B)c lies in an open hemisphere of S(G), as required.
Note that Theorem 9 and Proposition 10 imply Theorem A2. Now we are ready to
proof Corollary B.
Proof of Corollary B. We set A = N1=N2 and H = G′N2=N2, where G′ is the de-
rived subgroup of G. Then A has a <ltration of ZG-modules A⊇A ∩ 62(H)⊇A ∩
63(H)⊇ · · ·⊇A ∩ 6s+1(H) = 0 where s is the nilpotency class of H and 6i(H) is the
ith term of the lower central series of H . Note that (A∩ 6i(H))=(A∩ 6i+1(H)) embeds
in 6i(H)=6i+1(H) and the latter is an image of the ith tensor power of H=62(H) over
Z. Using the results of Section 2 we deduce
c(A∩6i(H))=(A∩6i+1(H))(G)⊆c6i(H)=6i+1(H)(G)⊆c⊗i (H=62(H))(G)
⊆ conv(R¿0cH=62(H)(G))⊆ conv(R¿0cG′=G′′(G))
 conv(R¿01(G;Z)c):
This together with Lemma 1 applied for B = A and its <ltration {A ∩ 6i(H)}i≥1 im-
plies cA(G)⊆ conv(R¿01(G;Z)c). Since G is constructible and nilpotent-by-abelian
1(G;Z)c lies in an open half subsphere of S(G) and hence the conditions of Theorem
A1 are satis<ed.
We <nish with more examples of modules of type FP∞.
Corollary 11. If A is a ZG-module satisfying the assumptions of Theorem A1 then all
powers (AugZA)m of the augmentation ideal of ZA are of type FP∞ over Z(AoG);
where A acts via (left) multiplication in the group algebra ZA and G via its action
on A.
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Proof. By Proposition 8 AoG is a constructible group and hence of type FP∞. We
claim that this implies that the augmentation ideal 7 of ZA is FP∞ over AoG, where
A acts via (left) multiplication in the group algebra ZA; G via its action on A. Indeed
let us consider the short exact sequence of Z(Ao G)-modules
0→ Z(Ao G)⊗ZG AugZG → AugZ(Ao G) ’→7→ 0;
where Z(Ao G)⊗ZG AugZG is identi<ed with ZA⊗Z AugZG and the latter module
embeds in the augmentation ideal AugZ(Ao G) via multiplication.
Since G is FP∞ the augmentation ideal AugZG is FP∞ over ZG and hence the
induced module Ker ’ is FP∞ over Z(A o G). This together with the fact that
AugZ(Ao G) is FP∞ over Z(Ao G) shows that 7 is FP∞ over Z(Ao G), as
required.
Now using induction on i we can deduce that 7i is FP∞ over Z(AoG). Consider
the surjective homomorphism of Z(Ao G)-modules
Si(A)→ 7i=7i+1 (9)
sending an element a1⊗· · ·⊗ai from the ith symmetric power Si(A) of A over Z to (a1−
1) · · · (ai − 1) +7i+1. Note that 7i=7i+1 ∈ SAoG(A). As AoG is nilpotent-by-abelian
1(AoG;Z)c=c(AoG)′=(AoG)′′(AoG)⊆ /∗(cA(G)∪1(G;Z)c), where / : AoG → G
is the canonical homomorphism. We skip the details as similar argument appeared in
the proof of Proposition 10. Then A considered as a Z(AoG)-module with the trivial
A-action satis<es the assumptions of Theorem A1 and we can use Theorem 9 to deduce
that 7i=7i+1 is of type FP∞ over Z(Ao G). Then 7i is FP∞ if and only if 7i+1 is
FP∞.
4. Proof of Theorem C
The proof of Theorem C requires understanding the module structure of the homol-
ogy groups H∗(A;Z) and its links with the symmetric, exterior and tensor powers of
A. The description of H∗(A;Z) in [12, Theorem 6] is not helpful for our considera-
tions but [12, Theorem 4] asserts that there is a natural embedding of the ith exterior
power of A into Hi(A;Z). A diMerent proof of the latter can be found in [3] and [11,
Theorem 6:4]. We <nd useful the following description of homology with coeKcients
in the <nite <eld Fp with p elements included in [12, pp. 1363,1370].
Hi(A; Fp)  ⊕0≤j≤[i=2](∧i−2j(A=pA)⊗ S˜j(pA)) for p odd; (10)
where pA={a ∈ A |pa=0} and S˜j(B) is the subset of the symmetric elements of ⊗jB
and should not be confused with the symmetric power Sj(B) though both have similar
structure.
Hi(A; F2)  S˜ i(A) if 2A= 0: (11)
Both isomorphisms (10) and (11) are natural (remember the second one requires A to
be of characteristic 2). In particular, they are isomorphisms of ZG-modules where the
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action of G on the right-hand side of the formulas is induced by the diagonal action
of G on the tensor powers of A.
Theorem 12. Suppose p is a rational prime and A is a ZG-module such that A has
exponent two if p = 2. Then Hn(A; Fp) has a natural 2ltration with quotients which
are submodules of
⋃
k(∧n−2k(A=pA) ⊗ Sk(pA)) for p odd and quotients which are
submodules of Sn(A) if p = 2; where G acts diagonally on all considered modules.
In particular every subgroup of G that acts nilpotently on A acts nilpotently on
Hn(A; Fp).
Proof. Let
8 : S˜
k
(pA)→ Sk(pA)
be the restriction of the canonical projection map ⊗
k
(pA)→ Sk(pA). We consider the
multiplication ∗ in the tensor algebra of pA given by
(a1 ⊗ · · · ⊗ ak) ∗ (ak+1 ⊗ · · · ⊗ ak+h) =
∑
a(1) ⊗ · · · ⊗ a(k+h);
where the sum is over all elements  ∈ Sk+h such that (1)¡(2)¡ · · ·¡(k); (k+
1)¡(k +2)¡ · · ·¡(k + h), such permutations  are called k; h-shuOes. Since the
number of (k1; k2; · · · ; ks)-shuOes is (k1 + · · ·+ ks)!=k1! · · · ks!
8((a⊗
k1
1 ) ∗ · · · ∗ (a⊗
ks
s )) =
(k1 + · · ·+ ks)!
k1! · · · ks! (a
⊗k1
1 )⊗ · · · ⊗ (a⊗
ks
s ):
We claim that this implies that the kernel of 8 is spanned by {(a⊗k11 ) ∗ · · · ∗ (a⊗
ks
s ) |p
divides (k1 + · · ·+ ks)!=k1! · · · ks!; k = k1 + · · ·+ ks}. Indeed if B is a basis of pA over
Fp the set {(a⊗
k1
1 ) ⊗ · · · ⊗ (a⊗
ks
s ) | ai ∈ B; ai = aj for i = j; k = k1 + · · · + ks} is a
basis of Sk(pA) and {(a⊗
k1
1 ) ∗ · · · ∗ (a⊗
ks
s ) | ai ∈ B; ai = aj for i = j; k = k1 + · · ·+ ks}
is a basis of S˜
k
(pA).
Now we de<ne inductively maps 8i such that 80 = 8. If 8i−1 is constructed
8i : Ker 8i−1 → Sk(pA);
Ker8i−1 is spanned by {(a⊗
k1
1 ) ∗ · · · ∗ (a⊗
ks
s ) |pi divides (k1 + · · ·+ ks)!=k1! · · · ks!} and
8i((a⊗
k1
1 ) ∗ · · · ∗ (a⊗
ks
s )) =
1
pi
(k1 + · · ·+ ks)!
k1! · · · ks! (a
⊗k1
1 )⊗ · · · ⊗ (a⊗
ks
s ):
Note that for suKciently big j the kernel of 8j is trivial. Then {
∧n−2k(A=pA) ⊗
Ker 8i}i≥0 is a <nite <ltration of ZG-submodules of
∧n−2k(A=pA)⊗ S˜k(pA) with quo-
tients isomorphic to submodules of
∧n−2k(A=pA) ⊗ Sk(pA). This together with (10)
completes the proof in the case p odd. In the case p = 2 Hn(A; F2)  S˜n(A) has a
<ltration {Ker 8i}i¿0 with factors embeddable in Sn(A).
Corollary 13. Suppose p is a rational prime; A is a 2nitely generated ZG-module
of exponent p; G is a 2nitely generated group with a normal subgroup H that acts
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nilpotently on A such that G=H is abelian and all tensor powers of A are 2nitely
generated over ZG via the diagonal G-action.
Then Hn(A; Fp) has property (A; ∗) and cHn(A;Fp)(G)⊆ conv(R¿0cA(G)). In partic-
ular all tensor powers of Hn(A; Fp) are 2nitely generated over ZG via the diagonal
G-action.
Proof. Suppose <rst that p is odd. By Theorem 12 Hn(A; Fp) has a <nite <ltration
with factors Mi embeddable in
⋃
0≤k≤[n=2]
∧n−2k(A)⊗ Sk(A). As the latter modules are
surjective images of tensor powers of A all factors Mi have property (A; ∗) and hence
Hn(A; Fp) has this property.
By Lemma 1 cHn(A;Fp)(G) =
⋃
i 
c
Mi(G). For a <xed i there is k such that Mi is a
submodule of
∧n−2k(A)⊗ Sk(A) and by Lemma 1 and Proposition 2
cMi(G)⊆c∧n−2k (A)⊗Sk (A)(G)⊆c⊗n−k A(G)⊆ conv(R¿0cA(G)):
This completes the case p odd. The case p = 2 is similar. It follows again from
Theorem 12.
Corollary 14. Suppose A is a 2nitely generated ZG-module of prime exponent p; G
is a 2nitely generated group with a normal subgroup H that acts nilpotently on A
such that G=H is abelian and all tensor powers of A are 2nitely generated over ZG
via the diagonal G-action.
Then Hi(A;Z) has the property (A; ∗) de2ned in Section 2; cHi(A;Z)(G)⊆
cHi(A;Fp)(G)⊆ conv(R¿0cA(G)) and H acts nilpotently on Hi(A;Z). In particular all
tensor powers of the homology groups Hi(A;Z) are 2nitely generated over ZG via
the diagonal G-action.
Proof. Note that if Hi(A;Z) is of exponent p, then the universal coeKcient sequence
tells us that there is a natural monomorphism of Hi(A;Z) ∼= Hi(A;Z)⊗Fp into Hi(A; Fp),
by naturality it is a homomorphism of ZG-modules. To show that Hi(A;Z) has exponent
p whenever A has exponent p, we <rst prove it for <nite groups of exponent p by
using the Kunneth formula (including the existence of splitting) and then use the fact
that homology of groups commutes with exact limits (of the groups).
Note that by Corollary 13 and Lemma 4(1) Hi(A;Z) has property (A; ∗). Since H
acts nilpotently on Hi(A; Fp) it acts nilpotently on Hi(A;Z). Then by Lemma 1 and
Corollary 13 cHi(A;Z)(G)⊆cHi(A;Fp)(G)⊆ conv(R¿0cA(G)).
Finally, the tensor power ⊗
j
Hi(A;Z) is a ZG-submodule of ⊗
j
Hi(A; Fp). By Corollary
13 the latter module is <nitely generated over ZG and by the <rst part of Lemma 1
⊗jHi(A;Z) is <nitely generated over ZG.
Proof of Theorem C. As shown in [11] if A is Z-torsion-free there is a natural isomor-
phism between Hn(A;Z) and the nth exterior power of A. In fact, it is an isomorphism
of ZG-modules, where G acts diagonally on the exterior power. In this case, the the-
orem is an obvious corollary of the results of Section 2.
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In general, A has a <nite <ltration of ZG-modules with factors satisfying the as-
sumptions of Theorem C plus the extra condition that they are of prime exponents
(some repetition of the exponents is allowed) with a possible exception of the top one
that can be Z-torsion-free. We proceed by induction on the length of this <ltration.
The cases when A is Z-torsion-free or of exponent p have been considered already in
Corollary 13 and Corollary 14.
Suppose 0 → A1 → A → A2 → 0 is a short exact sequence of (left) ZG-modules,
where A1 is of <nite exponent as abelian group and if A2 is not Z-torsion-free then
A1 = +:A for some prime integer +. By Lemma 6 all tensor powers of A1 are <nitely
generated over ZG via the diagonal action and by induction Theorem C holds for A1
and A2.
We consider the L-H-S <rst quadrant spectral sequence
E2p;q = Hp(A2; Hq(A1;Z))⇒p Hn(A;Z)
and view it as a special case of the Grothendick spectral sequence [16, Theorem
11:38] applied for the functors Z⊗ZA1 : Mod(A o G) → Mod(A2 o G); Z⊗ZA2 :
Mod(A2 o G) → Mod(G). Then all E-terms and diMerential maps in the spectral
sequence are (left) ZG-modules and ZG-homomorphisms respectively. In particular,
the action of G on E2∗; q is given by calculating Tor
ZA2∗ (Z; B) via a projective resolution
of B over Z(A2 o G), where B = Hq(A1;Z). Note it is the same as the action of G
on H∗(K ⊗ZA2 B) induced by the diagonal action of G on K ⊗ZA2 B, where K is a
deleted (right) projective resolution of Z over Z(A2 o G) and the diagonal action of
G on Ki ⊗ZA2 B is given by g(k ⊗ b) = kg−1 ⊗ gb. This can be seen by going through
the argument of [16, Theorem 7:8] but applied for Tor, not Ext.
By the universal coeKcients theorem [16, Theorem 8:22] there is a natural short
exact sequence of (left) ZG-modules
0→ H∗(K⊗ZA2 Z)⊗Z B <→H∗(K⊗ZA2 B)→ TorZ1 (H∗−1(K⊗ZA2 Z); B)→ 0;
(12)
where <([r]⊗ b) = [r ⊗ b] for r ∈K⊗ZA2 Z; b ∈ B. We view H∗(K⊗ZA2 B)  E2∗; q
as a (left) ZG-module via the action of G on E2∗; q.
If A2 is Z-torsion-free the Tor-term of (12) vanishes as then H∗−1(K ⊗ZA2 Z) =
∧∗−1A2 is Z-torsion-free and so Qat over Z. If A2 is of prime exponent + the Tor-term
in (12) does not disappear. Note that if M and N are abelian groups such that M
has prime exponent + there is a natural isomorphism TorZ1 (M;N )  M ⊗+ N , where
+N = {n ∈ N |+n= 0}. The isomorphism is given by calculating TorZ1 (M;−) via a free
resolution 0 → +F → F → M → 0 of M over Z where F has a basis that maps
bijectively to a basis of M over F+. Then
TorZ1 (H∗−1(K⊗ZA2 Z); B)  H∗−1(K⊗ZA2 Z)⊗+ B
as (left) ZG-modules, where G acts diagonally on the tensor product and the action
of G on the Tor-term is given by the action of G on H∗(K⊗ZA2 B).
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The convergence of the L-H-S spectral sequence implies that if A2 is Z-torsion-free
Hn(A;Z) has a <nite <ltration of ZG-submodules with factors that are ZG-subquotients
of some of
Hi(A2;Z)⊗ Hn−i(A1;Z); 0 ≤ i ≤ n: (13)
If A2 =+A for a prime + Hn(A;Z) has a <ltration with factors that are ZG-subquotients
of some of
Hi(A2;Z)⊗ Hn−i(A1;Z); Hi−1(A2;Z)⊗+ (Hn−i(A1;Z)); 0 ≤ i ≤ n: (14)
Note that G acts diagonally on the above tensor products. By Theorem 5 and the
inductive hypothesis the modules in (13) and (14) have property (A; ∗) and hence
Hn(A;Z) has property (A; ∗). Now the results from Section 2 imply the rest of the
properties of Hn(A;Z) claimed by Theorem C.
Acknowledgements
I am indebted to J.R.J. Groves for the helpful comments on the preliminary version
of this paper and for drawing my attention to Cartan’s work [12] and to the referee for
the careful reading of the paper and the valuable suggestions. The work was supported
by a Research Fellowship from Jesus College, Cambridge.
References
[1] D.J. Benson, Complexity and varieties for in<nite groups 2, J. Algebra 193 (1997) 288–317.
[2] R. Bieri, Homological dimension of discrete groups, Queen Mary College Mathematics Notes, 2nd
Edition, London, 1981.
[3] R. Bieri, J.R.J. Groves, Metabelian groups of type FP∞ are virtually of type FP, Proc. London Math.
Soc. 45 (3) (1982) 365–384.
[4] R. Bieri, J.R.J. Groves, The geometry of the set of characters induced by valuations, J. Reine Angew.
Math. 347 (1984) 168–195.
[5] R. Bieri, J.R.J. Groves, Tensor powers of modules over <nitely generated abelian groups, J. Algebra
97 (1985) 68–78.
[6] R. Bieri, B. Renz, Valuations on free resolutions and higher geometric invariants of groups, Comment.
Math. Helv. 63 (1988) 464–497.
[7] R. Bieri, R. Strebel, Valuations and <nitely presented metabelian groups, Proc. London Math. Soc. 41
(3) (1980) 439–464.
[8] R. Bieri, R. Strebel, A geometric invariant for modules over an abelian group, J. Reine Angew. Math.
322 (1981) 170–189.
[9] R. Bieri, R. Strebel, A geometric invariant for nilpotent-by-abelian-by-<nite groups, J. Pure Appl.
Algebra 25 (1982) 1–20.
[10] R. Bieri, R. Strebel, Geometric Invariants for Discrete Groups, preprint.
[11] K.S. Brown, Cohomology of Groups, Springer, Berlin, 1982.
[12] H. Cartan, Algebres d’Eilenberg-MacLane, Seminaire H.Cartan, Ecole Normale Superieure, included in
Collected Works, Vol. 3, Springer, Berlin, 1979.
[13] D.H. Kochloukova, A new characterization of m-tame groups over <nitely generated abelian groups, J.
London Math. Soc. 60 (3) (1999) 802–816.
[14] P.H. Kropholler, On groups of type FP∞, J. Pure Appl. Algebra 90 (1993) 55–67.
[15] H. Meinert, The homological invariants for metabelian groups of <nite Prufer rank: a proof of the
m-Conjecture, Proc. London Math. Soc. 72 (3) (1996) 385–424.
[16] J.J. Rotman, An Introduction To Homological Algebra, Academic Press, New York, 1979.
